We propose a new class of gravity theories which are characterized by a nontrivial coupling between the gravitational metric and matter mediated by an auxiliary rank-2 tensor. The actions generating the field equations are constructed so that these theories are equivalent to general relativity in a vacuum, and only differ from general relativity theory within a matter distribution. We analyze in detail one of the simplest realizations of these generalized coupling theories. We show that in this case the propagation speed of gravitational radiation in matter is different from its value in vacuum and that this can be used to constrain the (single) additional parameter of the theory. An analysis of the evolution of homogeneous and isotropic spacetimes in the same framework shows that there exist cosmic histories with both an inflationary phase and a dark era characterized by a different expansion rate.
I. INTRODUCTION
In recent years, we have witnessed considerable advances in the accuracy and methodology of experimental and observational investigation of gravitational phenomena. The wealth of new data increasingly exacerbate a puzzle that has been present for several decades, with regard to our current understanding of the gravitational interaction. On one hand, the detection of gravitational waves (e.g. [1, 2] ) and the observation of the black hole at the centre of M87 [3] have brought extraordinary confirmation of the predictions of general relativity (GR) in the strong field regime. On the other hand, it has become increasingly clear that GR alone is unable to correctly describe the dynamics of objects at galactic and extra galactic scales [4] , the current accelerated expansion of the Universe [5] and the tension in the estimation of the present value of the Hubble parameter [6] .
As pointed out in [7] , one way to interpolate between these contrasting results is to reevaluate the interaction between spacetime and matter, rather than assuming that gravity behaves differently at different scales. The motivation for such a point of view lies in the realization that deviations from GR only appear in spacetimes in which the role of matter cannot be neglected, like cosmology and the gravitational behavior of galaxies and clusters of galaxies.
Indeed the weakest assumption in the construction of the celebrated Einstein equations is the way in which matter and spacetime are coupled to each other. A key principle that guided Einstein was the local conservation of the energy-momentum tensor (the divergence-free property), which in the modern framework is encoded in the existence of a natural variational principle able to generate the field equations [8] . However, there is no compelling reason not to consider more complicated connections between the spacetime geometry (Einstein tensor) and the energy-momentum tensor for matter.
If one is willing to consider the possibility that the coupling between these objects is more complex than a simple proportionality, one could consider the following equation [7] G µν = χ µν αβ T αβ ,
where the coupling tensor χ µν αβ is a generic, non singular, fourth order tensor which mediates (and generalizes) the response of spacetime to a given matter distribution.
The structure of (1) can be engineered in such a way that its phenomenology in vacuum is exactly that of GR. Such a generalization avoids the difficulties that normally afflict modifications of GR. In particular, many modified gravity theories have a non trivial vacuum phenomenology which is strongly constrained by the measurement of Post-Newtonian effects and, more recently, gravitational wave detections and black hole phenomenology. Eq. (1) is compatible with all these constraints. Phenomenological differences only appear within a matter distribution, like in the (very different) case of torsion in the Einstein-Cartan-Sciama-Kibble theory [9] .
Eq. (1), although interesting, is still rather ambiguous as a theory. In particular, (i) in order to truly avoid deviations from GR in vacuum one has to provide a natural mechanism with which the coupling tensor χ µν αβ to reduces to the product of two Kronecker deltas in vacuum (up to a factor of 8πG) and (ii) one should be able to construct a variational principle that generates the gravitational field equations. A first objective of the present work is to construct such a theory. We find that there is, in fact, a common solution of both of these problems at the cost of a modification of Eq. (1) .
In this article, we provide a fundamental motivation for Eq. (1) in the framework of semiclassical gravity. This motivation is useful because it provides a natural interpretation for a key parameter as a vacuum energy in our final theory. We then construct a general class of actions that can generate an equation similar to (1) in which the coupling tensor χ µν αβ is a function of a rank two tensor A µ α . These actions contain no derivatives of A µ α i.e. this field is nondynamical (or auxiliary) and their variation leads to (algebraic) equations which constrain A µ α to be a Kronecker deltas in a vacuum.
We should remark that the strategy of employing auxiliary fields in modified gravity theories is not new. In literature, other theories characterized by a similar setting have been explored. In [10] , for example, it was shown, under some rather general assumptions, that the introduction of auxiliary fields in GR will generally introduce higher derivatives of the energy-momentum tensor in the field equations. One of the assumptions in their approach is that the matter fields couple to the metric in the usual way, so that the matter Lagrangian reduces to the usual one in a local frame. In this article, we demonstrate that one can avoid higher derivatives of the energy-momentum tensor by relaxing this condition. In doing so, we obtain an example of a theory which generalizes the coupling between matter and gravity without introducing dynamical degrees of freedom or introducing higher derivatives of the matter fields.
We will study in detail an explicit example of such theories (the "MEMe model"), and examine its basic features and phenomenology. Remarkably, we will find that for a single perfect fluid, the nondynamical auxiliary fields in the MEMe model induce a vector disformal transformation [11, 12] of the metric within a matter distribution. However, we are not aware of any other disformal theory [11] [12] [13] [14] involving auxiliary fields. A consequence of this is that gravitational waves propagate at the speed of light in a vacuum (consistent with the vacuum phenomenology of GR), but propagate with a different speed within a matter distribution. Additionally, we will show that MEMe cosmologies possess an unstable (de Sitter) inflationary era but also a (de Sitter) dark energy era in which the expansion rate is different. In fact, when a cosmological constant is introduced, the presence of the coupling tensor is able to alleviate, albeit not completely solve, the coincidence problem.
The paper is organized in the following way. Section II concerns a semiclassical gravity interpretation for (1), which serves as a motivation for our work. Section III explores the general features of the rank two theory, in particular its derivation from a variation principle, the classification of different subclasses of theories and the form of the field equations. In Section IV the simplifications to the theory that derive from the assumption of dealing with a perfect fluid are illustrated. Section V presents the MEMe model, its exact solution in the case of a perfect fluid, and its general features. Section VI shows how from data from gravitational waves signal can constrain the parameters of generalised coupling theories, and presents a parameter constraint for the MEMe model. Section VII contains the analysis of the cosmology of the MEMe model via phase space analysis. Section VIII concludes with a summary and discussion of future work.
We adopt the MTW signature "(−, +, +, +)" [15] and use natural units c = 1, defining κ = 8πG. Since index placement is critical in our analysis, the placement of indices in indexed quantities which appear as arguments in functions and and functionals will be indicated by dots.
II. A SEMICLASSICAL GRAVITY FRAMEWORK
Here, we propose a framework for semiclassical gravity which relaxes the coupling between matter and the gravitational field. The purpose of this section is to provide a fundamental motivation for generalized coupling theories; in particular, this discussion will allow us to later identify a key parameter in the theory with the vacuum energy. We first sketch a derivation of the semiclassical Einstein equations from the effective action. A more detailed discussion of these topics may be found in [16] [17] [18] [19] [20] . We then discuss a modification of this derivation and obtain a framework in which the gravitational field does not couple directly to matter, but is mediated by a rank-4 tensor.
A quantum field theory for some field ϕ on curved spacetime endowed with a classical metric g µν is defined by a generating functional Z[J, g ·· ], which has the formal functional integral expression
where X x := X |g|d 4 x, J is an external current, 1 and S[ϕ] is the action for matter fields. For the rest of this section, we suppress the functional dependence on g µν , and unless stated otherwise, Z[J] and all functionals constructed from it are implicitly functionals of g µν . One can construct the following action-like functional W [J]
From W [J], one may obtain the expression for the formal expectation value φ = ϕ of the field ϕ
The field equations governing φ are obtained from the effective action Γ[φ], which may be implicitly defined as a functional Legendre transformation of W [j]
where now j is an external current defined by
At this point, one can see that in the absence of the external current j, the functional derivative vanishes, and one recovers the principle of stationary action for Γ [φ] . To one-loop order, the effective action has the form
where S[φ] is the classical action evaluated on the expectation value φ and Γ (1) [φ] is a functional, the explicit expression for which may be found in [16] . One may therefore interpret the effective action Γ[φ] to be a quantum corrected classical action. However, such an action is divergent and, as is customary in quantum field theory, one typically adds counterterms in the Lagrangian to absorb these divergences i.e. we perform a renormalization.
In curved spacetime, one can show that some of the divergent terms in Γ[φ] are purely geometrical; our analysis here focuses primarily on these terms. Therefore, an appropriate regularization at one loop level can be obtained by adding geometric counterterms to the effective action [18, 19, 22] . In particular, these counterterms will have the form
where γ i are coupling constants, R is the Ricci scalar, C 2 := C αβµν C αβµν is the square of the Weyl tensor, and the remaining terms quadratic in curvature have been absorbed into the topological Gauss-Bonnet integral. The total action is therefore
where Γ r includes φ-dependent counterterms. At this point one may recover the semiclassical Einstein action by choosing the constants γ i so that S ct [g ·· ] completely cancels all curvature terms except for the Einstein Hilbert term and the vacuum energy term. Then, upon applying the stationary action principle to Σ sg [φ, g ·· ], one obtains
where G µν is the Einstein tensor for the metric g µν and the energy-momentum tensor T µν [φ] depends on the renormalized coupling constants, the expectation value of the field φ, and g µν . Up to this point, the derivation we have presented is standard [19] . We now discuss a similar procedure which differs in that one drops the assumption that the metric that appears in the effective action is the gravitational metric. Instead, we postulate that the metric g µν is related to the gravitational metric g µν in the following way
where the rank 4 tensor χ µν αβ is constructed from other fields, which we shall specify later in this paper. We then propose a choice of constants γ i in the counterterm action S ct [g ·· ] such that all terms involving the curvature R α βµν in the effective action are cancelled, including the Einstein-Hilbert term. In doing so, we effectively postulate that there is some mechanism which strongly suppresses the curvature terms in this model.
Assuming that the dynamics for coupling tensor χ µν αβ is provided by an action of the form S χ [g ·· , χ ·· ·· ], the action for the renormalized one loop theory has the form
where S G [g ·· ] is the Einstein-Hilbert action.
The action Σ[φ, g ·· , χ ·· ·· ] now describes a framework in which the metric tensor g µν is no longer directly coupled to the matter fields; the coupling is mediated by the tensor χ µν αβ . In the remainder of this article, we show that the tensor χ µν αβ does not necessarily require the introduction of additional dynamical degrees of freedom in the low-energy classical limit and that one can construct χ µν αβ entirely from nondynamical auxiliary fields. Also, since these auxiliary fields do not introduce derivatives of the energy-momentum tensor in the field equations, generalized coupling theories evade the no-go result of [10] . In fact, such no-go result assumes that the matter fields couple to g µν in the usual way, which is no longer the case when the couplings between the matter fields and g µν are mediated by the tensor χ µν αβ . We later identify and study a theory that is natural in the sense that S χ is simply the vacuum energy term.
III. COUPLING TENSOR THEORIES: GENERAL CONSIDERATIONS

A. Couplings
Here, we explore a class of theories in which the rank-4 coupling tensor χ µν αβ is constructed from invertible rank-2 coupling tensors A µ α , with inverseĀ µ α . In particular, we assume that χ µν αβ may be decomposed in the following manner
where Ψ(A · · ) is a scalar function of A µ α that has the property Ψ(δ · · ) = 1 when A µ α = δ µ α , where δ µ α is the Kronecker delta. Note that A µ α = δ µ α is a tensorial equation, but only when one index is raised the other lowered-this is because δ µ α is a tensor, 2 but δ µν and δ µν are not. For this reason, it is important to pay particular attention to index placement when performing variations-see Appendix A. To simplify the analysis, the coupling tensors are assumed to be symmetric so that A µ α = A α µ andĀ µ α =Ā α µ . From these tensors, one constructs a physical 3 metric g µν and its inverse g µν
Unless explicitly stated otherwise, indices are raised and lowered using the metric g µν and its inverse g µν . The covariant derivative∇ µ is defined with respect to g µν . We shall slightly abuse some terminology for the sake of convenience: throughout this article we shall refer to the physical metric g µν as the "Jordan frame" metric and g µν as the "Einstein frame" metric. Of course, since A µ α are square matrices, Eq. (13) does not describe the most general coupling that one can construct from A µ α ; one could alternatively construct 4 χ µν αβ = Θ µ α Θ ν β from a general power series in A µ α , labeled Θ µ α , with coefficients that are scalar functions of A µ α . For instance, one may choose Θ µ α = exp(δ µ α − A µ α ). For the purposes of the present article, we will not consider these more complicated couplings, restricting only to those which have the form given in Eq. (13) .
The idea of considering theories of gravitation with two metrics related as in (14) or, more generally, in (11) offers an interesting connection with continuum mechanics and electromagnetism. Such relations have been studied before in various realizations, see [23] . The difference with respect to these works is that in the present work, the behavior of the coupling tensor is explicitly given through a variational principle.
B. Classification of Theories
We wish to construct theories with the property that the coupling tensors satisfy A µ α = δ µ α in the absence of matter. We do so by way of a variational principle, with a functional of the form
There is no unique functional that yields A µ α = δ µ α as a solution. However, it is straightforward to construct such actions. A simple example is
It is also straightforward to verify that the variation with respect to A α β yields the algebraic "equation of motion" A µ α = δ µ α , as intended. More generally, one can construct a functional of the form
where P (A · · ) is a polynomial function of A α β of finite order satisfying the property P (δ · · ) = 1. We call this class of theories polynomial class theories. The coefficients for P (A · · ) which yield the solution A µ α = δ µ α may be obtained by factoring the derivative of P (A · · ) and demanding that at least one of the factors be (A µ α − δ µ α ). In particular, one can choose coefficients in the polynomial P (A · · ) such that
where f β σ is some quotient polynomial. It is not too difficult to demonstrate that to second order, the form of the action S Aq (17) is the one that uniquely yields the solution A µ α = δ µ α . One may note that higher order polynomial class theories may yield additional nondegenerate solutions, but since A µ α must satisfy an algebraic equation, it suffices to specify initial conditions that satisfy A µ α = δ µ α . Another class of simple theories have actions of the form
where |A| = det(A · · ), and again, E(A · · ) is a function satisfying the property E(δ · · ) = 1. The variation of the above takes the form
and the variation with respect to A β α yields an equation which may (after a straightforward integration) be written as
This suggests that E(A · · ) has the form
where k = f p (δ · · ) and f p (A · · ) is a finite polynomial that, to second order and above, satisfies the following
Again, f β σ is some quotient polynomial. The simplest case is the choice f p = n A (in which case k = 4n). Since equation (23) is an exponential, theories of this type will be termed exponential class theories.
The theories considered so far are homogeneous, meaning that the actions depend explicitly on the tensor A µ α or its inverse, but not both. One can also construct inhomogeneous theories in which the action is an explicit functional of both A α β andĀ α β . It can be difficult to obtain analytical solutions for a general polynomial or exponential class theory, and it will become increasingly difficult to obtain analytical solutions for the more complicated inhomogeneous theories. For this reason, we will not study inhomogeneous theories any further, and will focus on the simplest theory which can be solved exactly for a perfect fluid.
C. Gravitational action
The theories described in the previous section are constructed so that when A µ α = δ µ α , the action S A has the value
V := d 4 x √ −g being the four-volume. This is enforced by the requirement that when A µ α = δ µ α , the integrand of the action S A satisfies the property P (δ · · ) = E(δ · · ) = 1. Later, we find that the parameter λ must be large in order to maintain consistency with late-time experimental and observational constraints, so we must add a counterterm 2λ in the gravitational action. In particular, we assume that the dynamics for the gravitational metric g µν is provided by an action of the form
whereΛ is a gravitational parameter related to the observed value of the cosmological constant Λ according to the formula λ −Λ = Λ. It follows that in the generalized coupling theories we have constructed, g µν satisfies the vacuum Einstein field equations with cosmological constant Λ = λ −Λ
in the absence of matter. This result implies that general coupling theories do not avoid the fine tuning problem associated with the cosmological constant, since one must require |λ −Λ|/|λ| 1 to fit observational data. However, as we shall argue later, the fine tuning problem can be mitigated to some degree in the particular generalized coupling theory we study.
D. Generalized coupling in matter action
Consider a matter action of the following form
where φ (field indices suppressed) is a tensor field assumed to be minimally coupled to the metric g µν . Up to boundary terms, the variation of the matter action S m has the following form
where E[φ, g ·· ] is the Euler-Lagrange operator yielding the field equations E[φ, g ·· ] = 0, and the Jordan frame energymomentum tensor is defined as
One may relate T µν to the Einstein frame energy-momentum tensor τ µν by making use of the chain rule
Using Eq. (15), one may obtain the following
The variation of g αβ , as given by Eq. (15), is
The variation of the action then takes the following form
where for convenience, we define the "trace" T := T αβ g αβ . Note that since the variation δS m depends on the variation δA σ τ , the presence of matter will contribute additional terms to the field equation for A µ α , as we shall demonstrate shortly.
E. The general field equations
We can now join together the previous results and give the general action for a generalized coupling theory. We have
where F = F (A · · ). Upon variation with respect to the metric and remembering that A µ α is independent of g µν , one obtains
The form of this equation allows one to draw some general conclusions on the physics of these models. We notice immediately that the theory will generate a varying cosmological constant, which is dependent, via A µ α , on the matter distribution. Additionally, the presence of the quantity Ψ |A|Ā α µĀ β ν contracted with T αβ "scrambles" the gravitational sources in a nontrivial way.
Notice also the differences between the (36) and (1). In Eq. (1), there is no effective cosmological term and the energy-momentum tensor is a function of the Einstein metric g µν . This might suggest that the two theories are completely different. However, as stated in [7] , in (1) χ µν αβ is completely general and thus can be chosen to return the structure of (35) . In this sense the two equations are still related.
The variation with respect to A µ α yields the field equation
where, as before, f µ ν is some tensor constructed from A µ α such that
As we have anticipated, the matter action S m contributes additional terms to the field equation (37) for A µ α . These additional terms will generally drive the coupling tensor A µ α away from the condition A µ α = δ µ α . However, since we are assuming minimal coupling, Eq. (37) contains no covariant derivatives of A µ α . Thus the resulting field equation is an algebraic equation for A µ α , and the condition A µ α = δ µ α is only violated at points where T αβ = 0. It follows that at points where the energy-momentum tensor T αβ vanishes, the coupling tensors satisfy A µ α = δ µ α . In this sense the field A µ α has the same behavior as the torsion tensor in the context of Einstein-Cartan theory [9] . Before moving on to a specific example, we note that in general, the energy-momentum tensor T αβ contains factors of g µν and g αβ , which generally introduce additional factors of A µ α into the field equation. It follows that in general, Eq. (37) can be a high-order algebraic equation for A µ α . For example, in the context of an homogeneous polynomial class theory, a matter action like Eq. (17) will lead to an equation that is formally quadratic in A µ α . It is also possible that Eq. (37) may admit no real solutions. This implies that certain energy-momentum tensors T αβ may require that A µ α be complex-valued. For complex valued A µ α , one generally has a complex metric g µν over a real manifold. The resulting complex matter action S m and the action S A should be replaced with the respective real actions (S m + S * m )/2 and (S A + S * A )/2 to ensure a consistent coupling to the real valued gravitational degrees of freedom g µν . Fortunately, this problem is not too severe; one can show that upon expanding A µ α about δ µ α , one does not need to consider complex values for A µ α until fifth order in the expansion parameter. Also, the metric is only complex within a matter distribution; in a vacuum, one has A µ α = δ µ α so that g µν = g µν . As we will show in the next Section, it turns out that for a single perfect fluid, this problem does not arise in the specific theory we examine later in this article-we will in fact obtain an exact real-valued solution for A µ α .
IV. PERFECT FLUID ANSATZ
Since we construct generalized coupling theories by way of a variational principle, it is appropriate to appeal to the variational principle for relativistic fluids, as discussed in the references [24] [25] [26] [27] [28] [29] . The variational principle for a relativistic perfect fluid may be formulated on an arbitrary background spacetime, which need not satisfy the Einstein equations, so that the relativistic Euler equations
are in general independent of the contracted Bianchi identities. We remind the reader that∇ µ is the covariant derivative compatible with the Jordan frame metric g µν , and that matter is assumed to be minimally coupled to g µν . Eq. (39) leads to another reason for appealing to a variational principle. In generalized coupling theories, the contracted Bianchi identities do not imply that Eq. (39) is divergence-free, but only that the source of the Einstein tensor satisfies the divergence-free property on shell: the relativistic Euler equations must be supplied by a variational principle. One can, on the other hand, show from the diffeomorphism invariance of the matter action that Eq. (39) must hold on shell. For a more detailed discussion, we refer the reader to Appendix B.
Variational principles for perfect relativistic fluids usually involve constrained variations, and are formulated in terms of gradients of velocity potentials, so the covariant (lowered index) fluid four velocity u µ does not have a local dependence on the metric [26, 29] . In terms of u µ , the energy-momentum tensor for a perfect fluid takes the form
It should be stressed that in general, u µ u µ = u µ u ν g µν = −1; the fluid four-velocity only has unit norm with respect to the Jordan frame metric
Note that, since for a perfect fluid the "trace" is
only one factor of g αβ appears in the field equation (37) . For perfect fluids, it is appropriate to employ the following ansatz for the solution
where u µ is the fluid four-velocity. This ansatz will be justified in the next section for the specific model we study, but it can be considered nonetheless general for the case of a single perfect fluid. It is straightforward to show that the inverse of A µ α as given in Eq. (43) is (assuming Y + ε Z = 0)
where
Now one can define a timelike unit vector U µ by rescaling u µ (which is also assumed to be timelike, so that ε < 0)
and it follows that u µ u ν = −εU µ U ν . Eq. (43) may then be written in the alternate form
This form for A µ α is useful for computing the determinant |A| = det(A · · ) which reads
V. MINIMAL EXPONENTIAL MEASURE MODEL Consider a matter action of the following form
where S m is given by Eq. (28) and
If the factor Ψ 2 is chosen such that the variation of the volume element √ −g yields the desired field equations for A µ α , then one may interpret the parameter λ in Eq. (49) to be something akin to a vacuum energy density generated by matter fields. In the framework of effective field theory, the value of λ then corresponds to the energy scale at which a field theoretical description for matter breaks down.
To construct such a theory, we seek an expression for the factor Ψ such that the variation of √ −g yields the field equation A µ α = δ µ α in a vacuum. Assuming Ψ is an explicit function of A µ α only, Eq. (50) shows that volume element in Eq. (49) has the same form of the integrand of the action S Ae for an exponential class theory in Eq. (20) .
Hence if we wish to recover the field equation A µ α = δ µ α , Ψ should have the form of an exponential of a polynomial in A µ α . The simplest such form for Ψ is
This form for Ψ introduces an exponential of the simplest polynomial of A µ α into the Jordan frame measure d 4 x √ −g, and for this reason, we call the resulting theory the Minimal Exponential Measure model, or the MEMe model. Defining the parameter
the variation of the volume functional is
which leads to the parameter choice s = 1. The variation of S m with respect to A σ τ yields the field equations
Upon multiplying through by A µ β , we obtain an expression that is formally linear in the components of A µ
We note here that the MEMe model is the simplest homogeneous theory that one can construct in the sense that, one obtains an equation that is effectively linear in A µ α .
The trace of Eq. (55) yields an equation linear in the trace
which implies that A = 4, which in turn implies Ψ = 1, so that remarkably, all exponential factors disappear on shell. Note that in deriving this result, we have not yet made any assumption about the matter model; this result holds for any energy-momentum tensor. We now consider the case of a perfect fluid. To justify the ansatz for A µ α given in Eq. (43), we consider the contraction of Eq. (55) with the vector u α . The result is
and it follows that A β α u α ∝ u β , which is consistent with the ansatz for A µ α given in Eq. (43) . To obtain explicit expressions for Y and Z, we use the ansatz (43) to rewrite the field equation (55) in the form
i.e. Eq. (55) is reduced to the two scalar equations W 1 = 0 and W 2 = 0. As W 1 is completely independent of ε and Z, it can be used to find an explicit expression for Y
The trace of the ansatz (43) is A = 4Y + ε Z, and since (56) implies A = 4, we obtain the following expression for ε Z
where we have used Eq. (60) for Y in the second equality. We then solve the equation W 2 = 0 to obtain an expression for Z
and from (61), we obtain the expression for ε
Using Eq. (49) and Eq. (26), we obtain the gravitational field equations
where the determinant |A| is given by the explicit expression
It is useful to write Eq. (64) in the form
where T µν is the effective energy-momentum tensor defined by
and
Notice that, though q appears in the denominator of the first term in T 2 , |A| is a function of q. Thus, in the limit q → 0
In motivating MEMe, we have put forward the interpretation of λ/κ = 1/q as a form of vacuum energy density for quantum fields. If the MEMe model is regarded to be a low energy description for some quantum gravity theory, it is natural to expect the vacuum energy 1/q to be the Planck energy density, but whether this is the case ultimately depends on the specific details of the fundamental theory. Barring any specific knowledge about the underlying theory, we point out that q can in principle be independent of the Planck scale. In fact, it turns out that the parameter q sets the scale at which g µν fails to be a suitable spacetime metric, and thus provides a natural regularization scale for quantum fields. To see this, note that for positive q, the determinant |A| vanishes when p q → 1, or when the pressure (assuming w > 0) is on the order 1/q. In this limit, A µ α and g µν fail to be invertible, so that g µν cannot serve as a spacetime metric. Thus q sets the scale at which the usual formulation of quantum field theory on a spacetime background given by g µν breaks down, and, as consequence, 1/q provides a natural regularization scale for the vacuum energy of quantum fields. This scale can in principle be independent of the Planck scale, as it concerns the breakdown in the effective spacetime metric g µν , rather than the gravitational metric g µν . In this sense, the MEMe model is phenomenologically compatible with a regularization scale for vacuum energy far below the Planck scale.
It is worth remarking that the breakdown of the description of the MEMe model as a bimetric theory does not imply that the model itself breaks down. Indeed, in the limit p q → 1 the gravitational metric g µν remains well-defined and the gravitational field equations have the form
This feature will be relevant later, when we examine cosmologies obtained from the MEMe model. A similar mechanism is present in the case of negative q, which corresponds to a negative vacuum energy density for matter fields. This is the case if one supposes, for example, that in the fundamental theory the fermionic contribution to the vacuum energy dominates. We remark that a negative vacuum energy density may be of particular interest in the context of string theory, 5 in which a negative vacuum energy density is natural [31] . For negative q, the determinant |A| vanishes in the limit ρ q → −1. In this case, one can also recover Eq. (70), but now λ is negativevalued. This suggests that for negative λ, one has inflationary behavior in the limit ρ q → −1, or when the density ρ approaches the regularization scale 1/|q|. We will revisit this case later when we discuss the evolution of cosmologies obtained from the MEMe model.
Earlier, we pointed out that generalized coupling models still suffer from the fine tuning of the cosmological constant (in particular, Λ/|λ| = |λ −Λ|/|λ| 1), and the MEMe model is no exception in this regard. However, we have argued that the vacuum energy in the MEMe model is independent of the Planck scale. If the magnitude of the vacuum energy is far below the Planck scale, the fine-tuning problem becomes less severe than that of the standard cosmological constant problem.
VI. PROPAGATION SPEED FOR GRAVITATIONAL WAVES
The MEMe model can be thought of as a bimetric theory, and unless the two metrics are related by a conformal transformation, bimetric theories generally have the property that the light cones defined by each metric do not necessarily coincide. To see this, we consider the form of the Jordan frame metric g µν for a perfect fluid given the ansatz (43) for the tensor A µ
which, we note is a type of vector disformal transformation [12] .
Since electromagnetic waves propagate according to the metric g µν , and linearized gravitational waves propagate on a background metric g µν , Eq. (71) may be used to compute the relative propagation speed between light and gravitational waves. The relationship between propagation speeds can be computed explicitly by considering a vector k µ that is null with respect to the gravitational metric g µν . In an orthonormal frame (defined with respect to g µν ) adapted to u µ , Eq. (71) yields the dispersion relation
The speed of gravitational waves c g with respect to the metric g µν is then given by the expression
where c is the speed of light. It is straightforward to show that if q > 0, then for sufficiently small energy densities, c g < c. We now define the quantity
For the MEMe model, ∆ has the expression
i.e. the theory predicts that gravitational waves propagating within a matter distribution will travel at a different speed compared to gravitational waves in a vacuum. It is worth pointing out that the difference in propagation speed is not necessarily a problem in the MEMe model. A generic argument is given in [32] that bimetric theories admitting two different speeds of light do not lead to causal paradoxes, so long as the system is well-posed. For positive q or ρ q < −1, gravitational waves in the MEMe model slow down in the presence of matter (∆ < 0), so that they will refract in a manner similar to that of light in a medium. On the other hand, if q is negative and ρ < 1/|q|, then gravitational waves can exceed the speed of light (∆ > 0). To lowest order in q, the amount by which gravitational waves speed up or slow down in a medium is linear in the energy density. The Earth provides a relatively dense medium through which detectable gravitational waves propagate, 6 so one may constrain the parameter q using the uncertainty in time delay for gravitational waves. Since gravitational wave detections have not to date produced evidence for significant changes in the propagation speed of gravitational waves within the interior of the Earth, the uncertainty in time delay places an upper bound on the value of |q|. From the strongest gravitational wave signals to date (in particular GW150914 and GW170817 [1, 2] ), we estimate the uncertainty in the difference of arrival times for signals between different gravitational detectors to be roughly 5%. From the uncertainty in time delay, one expects the uncertainty in c g to also be roughly 5%, so that |q| < 0.1/ρ E . On average, the energy density of the Earth is ρ E ∼ 5 × 10 12 J/m 3 , which places the following upper bound on |q| |q| < 2 × 10 −14 m 3 /J.
In the MEMe model, λ/κ = 1/q corresponds to the vacuum energy density for quantum fields. If 1/q is proportional to the Planck energy density, the value of q becomes 100 orders of magnitude smaller than the constraint (76). However, as argued earlier, 1/q can in general be independent of the Planck energy density.
VII. COSMOLOGY
We now explore the features of cosmological models built on the field equations (64) of the MEMe model. We will accomplish this task by employing dynamical systems techniques. Dynamical systems tools have now been used for a long time to explore cosmological models in GR (see e.g. [35] and references therein) and modified gravity (e.g. [36] ). We will perform here a quick phase space analysis with the aim of evaluating the potential of (64) to provide a theoretical framework for an inflationary/dark Universe.
The first step in constructing the cosmological model is to select a class of reference observers. This step, which is often made tacitly in GR, is crucial in the context of theories like the MEMe model. A choice which is akin to the selection of fundamental observers in GR is the "Jordan velocity" u µ of the matter fluid. However, such a choice would pose a serious problem: the field u µ is only a valid velocity frame if ε is different from zero i.e. qρ = −1.
We prefer to use frames which have no such limitations, so as to avoid spurious singularities. A convenient choice is a frameŪ µ which is parallel to u µ so that it is still orthogonal to the three-surfaces of homogeneity described by h µν = g µν + u µ u ν and therefore prevents any "tilting" effect [37] . In this way we can suppose that for a homogenous and isotropic fluid source, the metric of the spacetime in the frame specified byŪ µ has the Friedmann-Lemaître-Robertson-Walker (FLRW) form
where k = −1, 0, 1 is the spatial curvature, dΩ 2 the infinitesimal solid angle and S is the scale factor. In theŪ µ frame, the cosmological equations can be written as
where H =Ṡ/S and we have assumed a barotropic equation of state p = wρ for the fluid. There is, however, an important caveat: the equations above only correspond to the equations for the MEMe model if u µ is well defined. We must therefore require that |A| = 0 (ε = 0) in our analysis. In the same way, either g ασ∇ σ T αβ = 0 or ∇ α T αβ = 0 give the conservation lawρ
As in GR, the three equations above are redundant. The structure of the above equations shows that in the MEMe model, the gravitation of a perfect fluid is very different form the GR equivalent.
Let us now construct the phase space. Assuming H > 0, we define the dimensionless variables
choosing also a dimensionless time variable N = log (S/S 0 ) and indicating with a prime the derivative with respect to N . The cosmological equations may be rewritten as the autonomous system
together with the constraint
given by Eq. (78).
Although not immediately clear from the form of the (83), the system admits three invariant submanifolds Ω = 0, L = 0 and χ = 0. Therefore a global attractor can only exist at the origin. Setting to zero the L.H.S. of (83) we find two fixed points (A and B) and two lines of fixed points (L 1 and L 2 ). Notice that in the case w = 0, L 2 becomes asymptotic.
The solutions associated to the fixed points can be found using the modified Raychaudhuri equation (79) written in the formḢ
where the asterisks indicate the values of the dynamical variables at a fixed point.
Using (85) we obtain the result that A and B correspond respectively to a Milne and Friedmann solution, whereas lines L 1 and L 2 correspond to de Sitter solutions with time constants
respectively. The cosmology then presents two different exponential expansion phases. Notice that the points in line L 2 are related to the behavior of the system in the limit pq → 1 mentioned at the end of Section V. As we have written our equations in the frameŪ µ , the boundary ρq = −1 does not correspond to any visible feature of the phase space. Nonetheless one should bear in mind that physical orbits only correspond to Ωχ = −1 (and indeed Ωχ < −1). Writing the conservation law (80) in the same way as the modified Raychaudhuri equation, we can deduce the behavior of the matter energy density at a fixed poinṫ
where H is given by the modified Raychaudhuri Eq. (85). Apart from L 2 , the behavior of matter is the usual one. At the fixed point L 2 , the corrections to GR return a peculiar behavior in the energy density. In particular the energy density remains constant even if the spacetime is expanding. This implies that orbits near to this point have a very slowly decreasing energy density. The Hartmann-Grobmann theorem can be used to deduce the stability of the fixed subspaces. It turns out that the lines are always attractors and the fixed points are saddles. In particular as Point A (the origin) is a saddle, no global attractor is present in the phase space. Therefore orbits will go towards the lines L 1 and L 2 .
The fixed points with their stability and the associated solutions for the scale factor and matter energy density are given in Table I . We illustrate the phase space in Figures 1 and 2 .
As the phase space is not compact one should study the behavior at infinity, however for the purpose of this work this analysis is not very relevant. This happens because, as we have mentioned, our equations cease to be valid if |A| = 0 i.e. in the subspaces wΩχ = 1 and Ωχ = −1 respectively. Consequently all asymptotic fixed points that lie beyond the Line L 1 and/or the boundary Ωχ = −1 are irrelevant for our purposes. The same conclusion holds for the asymptotic points at {Ω → ∞, χ → 0} and {Ω → 0, χ → ∞}: they do not constitute physically relevant states for the cosmology.
As we know from Sections V and VI that q must be small, and if we wish to have a de Sitter phase at high densities, q must also be negative. If we assume high densities at early time, we expect that physically relevant initial conditions will be close to Ωχ = −1 (ρ q ∼ −1) at high Ω. Therefore, initial conditions for physical meaningful orbits must be close to the subspace Ωχ = −1. Relevant orbits stemming from this subspace can be of two different types. A first example is one in which the orbit point "bounces" against the Friedmann fixed point (B) and then, maintaining a low value for χ, goes towards one of the attractors of L 1 . In a second type of evolution, the orbit, after being deflected away from B, proceeds towards large values of χ before going back to A and eventually towards L 1 . In Figure 3 we give some examples of these orbits.
Both of these scenarios are interesting from the point of view of inflationary dark cosmology. In fact, they both admit an early and late accelerated expansion phase with different effective cosmological constants and thus solve naturally the "graceful exit" problem. The final value of the cosmological constant is Λ while the inflationary expansion is given by a de Sitter solution with time constant very close to Λ + λ. The differences in the two histories are related to the expansion rate, the length and time of occurrence of the decelerated expansion phase.
Another observation concerns the case in which the cosmological constant is zero. In this case, because of the existence of the invariant submanifold L = 0, the dynamics is represented by the lower plane of Figures 1 and 2 . It is clear that we still recover an inflationary phase, but no dark energy era is dynamically achievable as in the L = 0 subspace, as the only finite attractor is Point A. In principle there are homoclinic orbits that start at {Ω → ∞, χ → 0} and "bounce" against Point B, but even neglecting the unphysical nature of the initial point, the picture in Figure 3 suggests that these orbits never represent accelerated expansion.
It is worth noticing that the scale factor S we have deduced is not the one "measured" by the observers at rest with respect to matter and therefore it is not in itself a physically meaningful quantity. Fortunately, for our choice of frame and symmetries, the behavior of the Jordan frame scale factor S J is easy to calculate. Using Eq. (71) we can easily show that
We will use this relation to calculate S J corresponding to the solutions at the fixed points (see Table I ). For negative q and 0 < w < 1/3, S J differs from S by a factor of order unity as long as ρ ≤ 1/|q|, so S J remains well-defined when the determinant of the Jordan frame metric vanishes. On the other hand, for positive q and 0 < w < 1/3, S J vanishes as the pressure p approaches 1/q. Among the fixed points the biggest difference between S and S J is present in the solutions associated to Point B, which only differ significantly at small t. These results suggests that critical constraints for the MEMe model can be found by looking closely at the phenomenology of the matter dominated era.
VIII. FINAL REMARKS AND FUTURE WORK
In this article, we have proposed a new class of modified gravity theories in which the interaction of matter and spacetime is mediated by a rank-four tensor χ µν αβ = Ψ(A · · ) A µ α A ν β , where A µ α are nondynamical auxiliary fields. It is tempting to compare the role of this field with the one that the Higgs field has in particle physics: as the Higgs field determines the inertial mass of particles, χ µν αβ in a sense determines the active gravitational mass of matter. However, unlike the case of the Higgs mechanism, the fundamental mechanism that leads to a generalized coupling theory is not immediately evident at the present stage of investigation. Nonetheless, we have provided a fundamental 
motivation for generalized coupling theories; in particular, we have shown that one can derive the gravitational field equations via a renormalization procedure analogous to the one to obtain the semiclassical Einstein field equations, which may provide a starting point for finding a more fundamental theory from which a generalized coupling theory emerges as a limit.
It has been pointed out that auxiliary field theories can emerge in a strong coupling limit, as in the case of [38] , and one might imagine that a generalized coupling theory also emerges in a similar strong coupling limit-indeed, in the case of the MEMe model, the large value for λ justifies such an expectation. However, even in such a scenario, a fine-tuning problem remains: in order to obtain an effective action able to generate Eq. (1) we were forced to postulate the existence of some mechanism which suppresses the terms constructed from the curvature invariants for the metric g µν . The need for such a mechanism may perhaps provide some guidance for constructing a more fundamental theory. In particular, a more detailed analysis is needed to determine whether a generalized coupling theory can naturally emerge from some effective field theory, or whether one must go beyond the framework of effective field theory to justify the suppression of curvature terms.
In light of the semiclassical derivation we have presented, it is also tempting to construct a fundamentally semiclassical theory (in the sense that g µν is fundamentally classical) from the generalized coupling theories we have studied. A major obstacle to constructing such a theory concerns the fact that the time evolution for quantum fields depends on the background spacetime geometry, which is in turn dependent on the state of the quantum field. This interdependence will generically introduce nonlinear time evolution in quantum states [39, 40] . One way around this issue might be to employ some sort of measurement-feedback scheme for objective collapse models, which has been successfully implemented in Newtonian toy models [41] , but a complete relativistic implementation of this approach is presently lacking. Even if a relativistic implementation can be constructed, one might expect the renormalized parameters in Σ[φ, g ·· , χ ·· ·· ] to be scale dependent, so that the resulting energy-momentum tensor T µν is not unique; this non-uniqueness forms another obstacle to constructing a fundamental theory with our framework. Indeed, any attempt to construct a fundamental theory within our framework must supply a mechanism to regulate the divergences of quantum field theory. In the absence of such a mechanism, we take the conservative view that that our proposed theory is a low energy/coarse grained description for a more fundamental (and fully quantum) theory.
The generalized coupling theories we propose share features with other modified gravity theories. We have shown explicitly that a convenient framework of analysis is to interpret them as bimetric theories of gravity. Bimetric theories also modify the gravitational properties of standard matter in a manner akin to nonminimally coupled theories. Nonetheless our generalized coupling theories have an advantage over these other frameworks in that the vacuum phenomenology remains essentially that of GR. Of course, whether one is truly in a vacuum depends on the details of the definition of matter in a gravitational theory. In GR, the source of the Einstein equations is modeled as a continuum and in theories like the one we have proposed, one has to ask how well this approximation works in a given framework. Consider for example the issue of a photon traveling between two galaxies in a cosmological setting. Should one consider it as traveling in vacuum or in a continuum? In classical cosmology these problems become almost irrelevant, but they might be of crucial importance in the generalized coupling case.
On cosmological level, the field equations (36) show clearly the presence of a dynamical cosmological constant and a modification of the gravitational response to the thermodynamical potentials ρ and p for a fluid. The field equations (36) also share a common structure with many well studied cosmological models like Loop Quantum Cosmology [42] , the Randall-Sundrum type II brane-world model [43] and some effective cosmological models e.g. [44, 45] . Whether our theory can be related to any of those theories and how this can happen remains to be determined.
We have constructed a simple realization of our generalized coupling theories, which we call the Minimal Exponential Measure (MEMe) model, given by the action
where g µν = e (4−A)/2 A µ α A ν β g αβ (see (26) and (49)), andΛ = Λ − λ. This choice of g µν is the simplest that one can make which does not require the choice of a particular form for the action of A µ α . The MEMe model has three appealing features: (i) it is equivalent to GR in a vacuum, (ii) its (single) additional parameter λ provides a regularization scale that can in principle be independent of the Planck scale, and (iii) for negative q (with ρ |q| < 1), the MEMe model has inflationary behavior at early times without requiring additional dynamical degrees of freedom. Furthermore, a dynamical systems analysis indicates that the MEMe model can qualitatively describe cosmic histories which include an inflationary era, a "graceful exit" and a dark energy era. It should be stressed, at this point, that these interesting cosmic histories are only achievable through some (additional) fine tuning. Indeed we have to ensure that Λ |λ|, but, as we have argued, this fine tuning can be made less severe 2. A representation of the finite phase space of the system (83) in the case of radiation w = 1/3 and q < 0. The representation is constructed reporting on the χ < 0, Ω > 0, L > 0 faces of the octant the invariant submanifolds χ = 0, Ω = 0, L = 0. The black line corresponds to line L1 and, differently form the dust case, there is no singular plane. This phase space is qualitatively very similar to the one in Figure 1 .
than that of the cosmological constant problem because again, λ can in principle be independent of the Planck scale. A future research target will be to determine whether the MEMe model can fit the observational data available so far. Such task will entail a full analysis of the cosmological phenomenology to determine, for example the inflationary power spectra for primordial fluctuations, the Cosmic Microwave Background spectrum etc. Since one can view the MEMe model (and indeed any generalized coupling theory) as a bimetric theory in the presence of matter, the MEMe model predicts a different propagation speed for gravitational waves within matter distributions. We were able to obtain a constraint on the parameter q = κ/λ from the timing uncertainty of gravitational wave detections. A more careful analysis, particularly for gravitational waves that are known to have have passed through the Earth, can further constrain the parameter q. We note that the propagation speed for gravitational waves in the MEMe model is to lowest order proportional to the energy density. One can in principle obtain stronger constraints on q by studying gravitational waves propagating through dense matter distributions, for instance the gravitational waves from the ringdown of a NS-BH merger propagating through the cloud of ejecta from the disrupted neutron star. Another interesting phenomena predicted by the MEMe model is the refraction of gravitational waves by matter. These will also be the focus of future studies. . Three different orbits in the case of dust w = 0 and q < 0. The two blue orbits correspond to cosmic histories with a matter era close to that of GR and the magenta one to an orbit with a very different matter era. The yellow region corresponds to decelerating expansion, while the red surface delineates the Ωχ = −1 (qρ = −1) part of the phase space. For the sake of clarity here we did not show the initial point of these orbits, as it is located far in the Ω direction, close to the surface Ωχ = −1.
On shell, E[ϕ, g ·· ] = 0, and upon demanding that δS m = 0 for all w µ , g ασ∇ σ T αβ = 0. Note that this result depends only on the diffeomorphism invariance of S m , and does not require that g µν satisfy the gravitational field equationsthe argument is valid for any metric g µν . This demonstrates that the property g ασ∇ σ T αβ = 0 is independent of the Bianchi identities. We note that both ∇ µ T µν = 0 and g ασ∇ σ T αβ = 0 require that the field equations E[ϕ, g ·· ] = 0 are satisfied, and that ∇ µ T µν = 0 depends also on the equation W α β = 0. Furthermore, one can derive ∇ µ T µν = 0 without including the Einstein-Hilbert action. Thus, the view that the divergence-free property of the energy-momentum tensor is enforced by the gravitational field equations is somewhat inaccurate from a fundamental perspective. A more accurate view is that the divergence-free property and local conservation laws follow from the diffeomorphism invariance of the action and the field equations.
